Dimensions of fixed point sets of smooth actions  by Huajian, Yang
TOPOLOGY 
AND ITS 
Topology and its Applications 67 (1995) 85-94 
APPLICATIONS 
Dimensions of fixed point sets of smooth actions 
Huajian Yang ayb 
a Depurtment of Mathemafics, Lehigh University, Bethlehem, PA 18015, USA 
h Depurtment of Mathematics, South China Normal University, Guungzhou, 510631, PR China 
Received 19 April 1994; revised 30 June 1994, I September 1994, 26 June 1995 
Abstract 
Let p be a prime and G = (Z,,)T or (S’)T. Suppose G acts smoothly on a closed manifold M” 
with nonempty fixed point set F. Let I(MG) be the set of integers k such that F has a component 
of dimension n - k. Let MG be the Bore1 construction and T(M”) the tangent bundle along the 
fibres of the fibre bundle q : MC + BG. In this paper, we study the relations between I(MG) and 
the cohomology of M” or MG. We prove I(MG) = {d, 1 z E F}, where 
d, = max{j I Cj(pj(T(i’@) 8 C)) # 0}, 
pz is the section of q associated with z E F and Cj (-) is the jth Chem class. 
Keywords: Dimensions; Fixed points; Chem classes; Local coefficients; Representation rings 
AMS classification: 57s 
1. Introduction 
Throughout this paper p is a prime and G = (2,)’ or (5”)‘. Let 4: &+BG be the 
universal G bundle, and T(AP) the tangent bundle of M”. A smooth G action on M” 
induces a G vector bundle structure on T(M”). The G space EG x M” with diagonal 
G action defines a fibre bundle q : MG+BG. The equivariant projection EG x Mn+Mn 
induces a G vector bundle < over EG x M” by pulling back the G vector bundle 
T(Mn). Let K&(X) denote the G equivariant real K-theory of the space X. By [l], 
KOG(EG x M) M KO(MG). Thus the G vector bundle E defines a vector bundle 
T(M) over MG, which we call the tangent bundle along the fibres of the fibre bundle 
q : MG+BG [2, p. 4821. 
Let BLm) be the mth skeleton of BG and j : BLm:m)--+B~ the inclusion. Define 
77, = pg(T(JW) @C) and r&m) = j*vz, 
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x E F, and pZ is the section of q associated with x. Let C(-) and C,(-) denote 
its total Chern classes and jth Chern class respectively. 
Recall that if G acts smoothly on a smooth closed manifold AP, then its fixed point 
set F is a disjoint union of the finite number of smooth closed submanifolds of AP. Let 
l(MG) be the set of integers k such that F has a component of dimension 7~ - k. In this 
paper, we study the relations between l(MG) and the cohomology of M or MG. The 
main result we prove is the following: 
Theorem 1.1. Suppose G acts smoothly on a smooth closed manifold M” with F # 0. 
Let x E F and d, = max{j 1 Cj(q5) # 0). Then I(MG) = {d, 1 x E F}. Also if 
m > 72, then d, = max{j 1 Cj(r]$m:m)) # 0}, and 
d, = max {j 1 wC~(Q) # 0} = max {j 1 tiC, (T&~)) # 0} 
when G = (2,)‘. Here w is the mod p reduction homomorphism. 
Suppose G = (S’)’ or (Z,)‘, where p is an odd prime. Note that 2Czifl (r] &J C) = 0 
for any real vector bundle 7 [4, Corollary 11.2, p. 2451, and H* (BG; 2) has no 2-torsion 
in this case. Thus if G = (S’)’ or (ZP)‘, where p is an odd prime, then &+I (7,) = 0 
and d, is even for z E F. Therefore we have the following corollary. 
Corollary 1.2. Let G = (S’)’ or (ZP)‘, where p is an odd prime. Suppose G acts 
smoothly on a closed manifold MR with nonemptyjxedpoint set F. Then the codimension 
of each component of F is even. 
Remark 1.3. When M” is an integral (or mod p) homology sphere, Corollary 1.2 is 
compatible with the classic results [3, Theorem 7.11, p. 1451 and [3, Theorem 10.2, p. 
1591. 
Let Z(,) be the integers localized at the prime p and Q the rational field. Define 
J  = Z(P) if G = (-G)‘, 
Q if G = (S’)‘. 
Let HTJ, (-) and H* (-; 2) denote the ordinary cohomologies with coefficient in J 
and 2 respectively. For a ring R, let X NR Y denote two spaces X and Y such that 
H*(X; R) and H*(Y; R) are isomorphic as rings. From Theorem 1.1, we have 
Theorem 1.4. Suppose G acts smoothly on a closed manifold M” with F # 8. Then F 
is of constant dimension, if 
(i) HiJ, ( MG) has a generator set { 1, yj} as an algebra over HiJ, (BG) with deg(yj) 
odd for each yj; 
(ii) gi,,(M-) . IS algebraically generated by some elements {xi} of odd degrees with 
@(xi) + deg(xj) > deg(xl) f or any i, j and I, where HiJ,(Mn) has no torsion, and 
G acts trivially on HiJ,(M”) when G = (2,)‘. 
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Recall that iVl is totally nonhomologous to zero in MG with coefficient in R if the 
fibre inclusion j : M+MG induces a surjection in cohomology H*(-; R) [3, p. 3731. 
Thus condition (i) of Theorem 1.1 is satisfied by Leray-Hirsch theorem [ 3, Theorem 1.4, 
p. 3721, if M is totally nonhomologous to zero in MG with coefficient in J, II; 
has no torsion, and is algebraically generated by some elements of odd degrees. From 
(ii) of Theorem 1.4, we immediately have 
Corollary 1.5. Suppose G acts smoothly on a closed manifold M” with F # 0. Assume 
the induced G action on I-ITJ, (M”) is trivial when G = (Z,)‘. Then F is of constant 
dimension if M” N J S2nl+’ x S2n23-1 x . . . x S2nk+’ with 2ni + 2nj > 2nl - 1 for any 
i, j, 1 such that i # j (e.g., Mn NJ (S2nl+1)r). 
Remark 1.6. If G = S1 acts on Mn with finite orbit types, where Mn is as in Corollary 
1.5, then F is connected [3, p. 4221. 
The following theorem can be applied to manifolds like (S2n)r or (CP(n))‘. 
Theorem 1.7. Let G = Z2 act smoothly on a closed manifold M with nonempty jixed 
point set F. Then F must be of constant dimension, if H*(M; Z) has no 2-torsion, 
and is algebraically generated by some elements {xi} of the same even degrees with 
g(x:i) = -xi, where g is the generator of Z2. 
Theorems 1 .l, 1.4 and 1.7 will be proved in the next section. 
The author thanks the referee for his comments. 
2. Proofs of the theorems 
Proof of Theorem 1.1. Obviously, if m > n, then we already have 
max {j I Cj hJ # O} = max (j I Cj (77P) # O> 
and 
max {j 1 wCj(q,) # 0} = max {j 1 wCj (vim)) # O}. 
Thus it suffices to prove the I(MG) = {d, 1 z E F}, and max{j 1 Cj(q,:) # 0) = 
max{j 1 wCj(qz) # 0) when G = (Z,)‘. 
Let F” be the disjoint union of Ic dimensional components of F. For z E F”, we 
may assume T,(M) = R” x I?+” such that G is invariant on the second factor A?-” 
with no fixed point except {0}, and fixes the first factor R’“. The induced G linear action 
on the second factor R”-‘” defines a real representation fi thus a complex representation 
p of complex dimension (n - k) by the complexification. Note that by [4, Theorem 6.5, 
p. 1671 
P = xp,, (2.1) 
j=l 
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where ,I33 is an irreducible complex representation of G for 1 < j < t’, and the sum of 
the complex dimensions of all 03 is equal to (n - k). 
Let MY(G) denote the complex representation ring of G. Then RU(G) is isomorphic 
to KUG(*), the G equivariant K-group of complex bundles over a single point space. 
There is a homomorphism RU(G) +KU~(EG)(M K(BG)) induced by sending EG 
to a single point *. Thus each complex representation corresponds to a complex bundle 
over BG. 
Case (i). G = 2,. Note that BG = Loo(p) and RU(G) M Z[t]/(l - tp), where t is 
the irreducible l-dimensional complex representation given by t(z) = e27Fi/Pz, .z E C. 
Suppose 0 is the complex line bundle over BG corresponding to t. Then Cl(a) is 
a generator of H2(L” (p); 2). By [4, Theorem 9.1, p. 1721, for each j the irreducible 
complex representation & in (2.1) is t nj for some 0 < nj < p- 1. Since ,f3j is not trivial, 
we have nj # 0. Therefore ,0 = Cj,_r rnjtj, where I is a subset of { 1,2,. . . ,p - l}, 
mj > 0 for all j E I, and cj,-l rni = n - k. Thus 
77, E CmjOj Cl3 (ICC), 
jEl 
where ICC is the k-dimensional trivial complex bundle. 
Let d, = max{i ( Ci(v,) # 0). We claim n - k = d,. To see this, we note that 
H4 (P(p); 2) = 
0 if q odd, 
Z, if q > 0 even, 
and the ring H* (L” (p); Z) is g enerated by Cr (cr). Let a = Ci (u). Then we have 
C(Qz) = J-J (1 +ju)+. 
jEI 
Since the cohomology ring fi* (L” (p); Z) h as no nontrivial zero divisor, and 1 < j < 
p - 1 for each j E I, we have 
max {i I G(rlz) # O} = Cm?, 
jEI 
which is equal to n - k as claimed. Finally, the mod p reduction 
w:i;T*(P(p);Z)-+fi*(L~(p);Zp) 
is injective implies d, = max{i 1 wC~(~~) # 0}, and (i) follows. 
Case (ii). G = (2,)‘. In this case BG can be chosen to be the product (L”(p))’ and 
RU(G) = .Z[t,, t2, . ..,tr]/(t~-l,t;-l,...) t;-l), 
where t, is the irreducible l-dimensional complex representation of the sth summand Z, 
of (Z,)’ given by ts(z) = e (2ri)/p(z), z E C. Let gs be the complex line bundle over 
L@‘(p) corresponding to t,. Then Ci ((TV) is a generator of the group H2(L”(p); Z). 
Also by 14, Theorem 9.1, p. 1721, 
p zz C mit:“ltFz . . .t$r, 
H. Yung / Topology and ifs Applications 67 (1995) 85-94 89 
such that 
(1) rnj > 0 for each j, and cj rnj = n - k; 
(2) for a fixed j, 0 < kj, < p - 1, and kj, # 0 for some I < t < r. 
Thus 
We claim that the mod p reduction w : ~*(BG; Z)-+I%*(&; 2,) is injective. This can 
be seen from the long cohomology exact sequence induced by the short exact sequence 
0+Z4Z-il;Z,+0 
of coefficients, and the fact that each element of fi*(&; 2) is a p torsion. Next let 
H**(LF(p); 2) = @ Hzi(Lm(p); 2) 
i>O 
and 
H = H**(L”(p);Z) c3 H**(L”(p);Z) @ ...@a H**(L”(p);Z), 
the tensor product of r copies of H**(L”(p); 2). Note that H is a subring of H*(&; 2) 
by Ktinneth theorem. However H has no nontrivial zero divisor but H*(BG; 2) does. 
Fortunately, for each j the element Ct (a?’ @$%3’.. . @I grkjr) # 0 and is in the ring 
H. Thus 
is in H. Therefore H has no nontrivial zero divisor implies 
max {i I G(G) # O} = Cmj, 
which is equal to n - k. Finally, the injectivity of the mod p reduction w shows that 
d, = max{i 1 WC,(Q) # 0). This completes (ii). 
Case (iii). G = (S’)‘. Note that &$ = (CP”)’ and 
RU(G) M Z[t,, t;‘, tz, t;‘, . . , t,, t;‘], 
the ring of finite Laurent series. Here t, is the irreducible l-dimensional complex repre- 
sentation of the sth copy S’ of (5”)’ given by ts(ee’)(z) = eeiz, z E C and eei E St, 
which defines a complex line bundle & over the sth copy CPoo of (CPOO)’ with Ct (&) 
being a generator of H2(CPm; 2). Just as Case (ii) 
such that mj > 0 for each j, and Cj rnj = n - k. Also for a fixed j, kjt # 0 for some 
1 < t 6 r. Since H*(BG; 2) has no nontrivial zero divisor in this case, similarly to the 
preceding case, we have max{i 1 C~(Q) # 0) = n - k. 0 
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By applying Theorem 1.1, we obtain the following proposition, which shows some 
relations between I(MG) and the algebraic structure of HiJ,(M) or HiJ,(MG). 
Proposition 2.2. Let G = (S’)T or Z,. Suppose G acts smoothly on a smooth closed 
manifold M with F # 8. Then F is of constant dimension, if there exists a generator 
set of{l, ~}i=1,2,...,k ~fffi~,(M~) as an algebra over HiJ, (BG), such that there is an 
odd ni with (ci)“’ E q*HiJ) (BG) for each ci. 
Proof. For each ci the element pz(cy”) is independent of the choices of x E F in both 
cases by the assumed condition, since pz is a section of the projection q. Let pj (ci) = bc). 
Then (b(i))nl = (bc))“l. Since H(J,(BG) is a subring of a polynomial ring over Q or 
X: F. io’w the followmg dragiam 
Z and n’ is odd, we have b; br). Thus pj(ci) is independent of the choices of 
. . 
ii*(&;Z) -% Hi,)(&) 
is commutative, where h : H*(-; Z)+@j-) is the morphism induced by the inclusion 
Z--+J of coefficients. Note that on the bottom row the h is injective. Thus F must be of 
constant dimension. 0 
Proof of Theorem 1.4. For the statement (i), it is easy to see pz(yj) = 0 for all yj. 
Thus pj is independent of z E F and (i) follows. 
For the statement (ii), consider the spectral sequence {_E~,q,&.} which converges to 
HiJ, (MG) with Eflq = HP(BG; HTJ, (M)). H ere if G = (ZP)r, then the local coefficient 
is already constant by the assumed condition. If G = (S’)‘, then BG is l-connected, 
thus the local coefficient is also constant. We claim this spectral sequence collapses. 
Note that HiJ,(M) has no torsion, and the multiplicative property [6, p. 3521 implies 
that it suffices to prove all elements of E$2ni+i and El,’ are permanent cocycles, where 
2ni + 1 is the degree of zi. For Et,‘, this is obvious. For EDITS’+‘, this follows from 
the condition 
deg(zi) + deg(zj) > deg(q) 
for all i, j, 1 and the fact that Eik+“” . IS trivial for all q. Now the edge homomorphism 
H&, @‘k) -+ E2 ‘A --f HyJ, (M) > 
which is exactly the morphism j* : HrJ,(MG) + HrJ,(M) [3, p. 3741, is surjective, 
where j : M t MG is the inclusion. Thus M is totally nonhomologous to zero in MG with 
coefficient in J. Since H;(Mn) has no torsion, by Leray-Hirsch theorem [6, Theorem 
15.47, p. 3651, we see that HiJ,(M~) h as a generator set { 1, xj} as an algebra over 
HiJ,(B~) with deg(zj) odd, and (ii) follows just as (i). 0 
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By using the mod p version of l(MG), we have 
Proposition 2.3. Suppose G = (Z,)’ acts smoothly on a closed manifold M with 
F # 8. Then F is of constant dimension tf the images of the mod p reduction 
w : fi* (MC; Z)+g* (MG; Z,) applied to the Chern classes of T(M) @ C are trivial. 
Proof. This follows from the mod p version of I(MG) and the commutative diagram 
below 
il*(M~; Z) % i7*(MG; Z,) 
1 
I 
P, 
1 
* 
P, 
ii* (RG; Z) 3 H* (Rc; Z,) 
where the bottom row is injective, since & = (Lm(p))r. 0 
Remark 2.4. Suppose G = Z, acts smoothly on a closed manifold M. If H*(MG; Z,) 
(or H*(MG; Z)) has a generator set { 1, zi, x2,. . . , xk} as an algebra over H*(BG; Z,) 
(or H*(BG; Z)), then F has at most p” number of components which are of different 
dimensions, for there are at most pk number of different maps pz. 
Lemma 2.5. Let G = Z2 act on a closed manifold M with nonempty fied point set F. 
Suppose g* (M; Z) h as no 2-torsion, and is algebraically generated by some elements 
{x,} of the same even degrees. Assume the induced Z2 action on g*(M; Z) satisfies 
g(xj) = -x3 for all x3, where g E Z2 is a generator Let yj be the mod2 reduction 
of x3. Then H’(MG; 22) is a free H*(RPDO; 22) module generated by all the possible 
products formed from the set { 1, zj}, where zj E H*(MG; 22) such that j*(zj) = yj. 
Moreover Sq’(zj) = azj, where a E q*H’(RPOO; 22) is the nontrivial element and 
q : MG--+BG(= RPW) is the jibre bundle projection. 
Proof. First note that by the universal coefficient formula, H*(M; 22) M H*(M; Z) @ 
Z2. Next consider the spectral sequence {E Tp+J, d } which converges to H’ (MG; Z2) 
with E:‘q = Hp(RPO”; Hq(M; 22)). Here the local coefficient becomes constant, since 
the induced Z2 action on H* (111; 22) is trivial. By the assumed conditions, H*(M; Z2) is 
generated algebraically by { 1: yj}. This spectral sequence collapses by the multiplicative 
property and the fact that all the degrees of {yj} are the same. Thus H*(MG; 22) is a 
free H* (RP”; Z 2 module generated by all the possible products formed from the set ) 
{ 1, zj} with {j*(zj)} = { yj}. 
Let R’(G) = (5” x M)/G, where G = Z 2 acts diagonally on the product S’ x M. It is 
easy to see that H*(R’(G); 22) is a free H*(S’; Z 2 ) module generated by all the possible 
products formed from the set { 1, wj} with {j*(wj)} = {yj}. To prove Sq’(zj) = 
azj, it suffices to prove Sq’(wj) = bwj, where b E pgH’(S’; 22) is nontrivial, and 
po : R’(G)--+S’ is the projection. 
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The following notations are referred to [7, pp. 286-2871. Let X be a CW-complex 
and X, be its n-skeleton. Let 0 be a local system over X. Define 
P(X;O) = H”(X,, x+,; 0). 
Here Hn(X,, X,_‘; 0) is the cohomology with local coefficient in 0, which is isomor- 
phic to the group of all functions assigning to each n-cell e: an element c(eg) E O(za), 
where z, = h,(ea), and h, : (An, aAn)-+(X,, X,_‘) is the characteristic map of the 
n-cell e”,, and ea is the first vertex of the simplex An. Let 
s: P(X; o)+P+‘(x; 0) 
be the coboundary operator of the cohomology sequence of the triple (X,, X,_’ , Xll-2). 
Then we have a cochain complex r* (X; 0). The cohomology of X with coefficient in the 
local system 0 can be identified with the homology of the cochain complex r* (X; 0). 
Let us consider the fibre bundle R’ (G)+S’. With this fibre bundle we have a local 
system H* (M; 2) with Z action given by 
S(Xj) = 
1 
-xj if g E Z odd, 
xcj if g E 2 even, 
and another local system H*(M; ZZ), which is actually constant, with trivial 2 action. 
So we have the cochain complexes r*(S’; H*(M; 2)) and F*(S’; H*(M; 22)). Since 
H” (AP; 2) has no 2-torsion, the multiplication by 2 of the local system H* (M; 2) and 
the mod 2 reduction from the local system H*(M; 2) to the local system H*(M; 22), 
define a short exact sequence of the cochain complexes below 
o+ P(S’ ; H*(M; 2)) i F’(S’; H*(M;Z)) % T’(S’; H*(M; Z2) -+O 
T s T 6 T 6 
T 6 
O+ F”(S’; H*(M; 2)) 4 T’(S’; H*(M; 2)) % F”(S’; H*(M; Z2) 40 
T T T 
0 0 0 
Now we consider the spectral sequences {E,“lQ( 1); d!‘)} and {E,P>‘J(2); di2)} with 
E,pVq(l) = HP(S1; Hq(M; 2)) and E;‘q(2) = Hp(S’; Hq(M; 22)) 
which converge to H*(R’(G); Z) and H*(R’(G); Zz) respectively. Here Hp(S’; Hq(M; 
2)) is the cohomology with local coefficient in Hq(A4; 2). It is easy to see both spectral 
sequences collapse. Since E;“(k) = 0 for k: = 1,2 except p = 1 and q even, or p = 0 
and q even, there will be no nontrivial extension for these spectral sequences. That means 
Egq( 1) and Egq (2) are summands of H*(R’(G); 2) and H*(R’(G); 22) respectively. 
Therefore, we have the homomorphisms (i = 0, 1) 
fi: HZ(S’;H2”(M;Z))_tH2k+i(R’(G);Z) 
3 H’(S’; H2k(M .; 2)) 4 H’(S’; H2”(M; 2)) 5 H’(S’; H2”(M; &))+ 
1 fl 1 fl 1 91 
3 H21c+‘(R1(G);Z) 3 H2”+‘(R’(G);Z) % H2”+‘(R1(G);Zz)+ 
93 
and 
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gi : H”(S’; H’“(M; 22))+H2k+i(R’(G); 24, 
which are defined respectively to be the homomorphisms 
H2k+i(R’(G);Z)t E%“(l) = EiY2”(1) = Hi(S’; H2k(M; 2)) 
and 
H2k+i (R’ (G); Z2) t Egk (2) = E;‘2k(2) = Hi(S1; H2”(M; Z2)). 
Actually, fi and gi are isomorphisms for i = 0, 1. 
Now the above short exact sequence of the cochain complexes induces a long exact 
sequence of homologies. It is not difficult to see the following diagram 
O+ H”(S1; H2”(M; 2)) i H’(S’; H2”(M; 2)) % H’(S’; H2”(M; 22)) 
1 
fo 
1 
fi) 
1 
go 
0-i. H2”(R’(G);Z) 4 H=(R’(G);Z) -ii’, H2”(R1 (G); 22) 
is commutative. 
Note that Sq’(wj) = wb(wj) and the local system H*(M; 22) is constant. We may 
regard wj E H’(S’; H2”(M;22)). S’ mce j*(tuj) = yj, we may assume that wj is 
represented by c,-, E r ‘(S’ ; H2k (M; 22)) with a(eO) = yj for the unique O-dimensional 
cell e”. Since b E r’(S’; H’(M;&)) and b w3 corresponds to the product of functions 
defining b and wj, we see that bwj is represented by c’ f r’(S’; H2”(M; 22)) such 
that c’(e’) = yj for the unique l-dimensional cell e’. Let c2 E r”(S1; H2”(M; 2)) 
be the element such that W(Q) = Q. Then c2 can be chosen to be the one such that 
c2(e”) = x3 (or -zj) E H2”(M; 2). Note that the local system H*(M; 2) and definition 
of the coboundary operator 6. We have 6(c2)(e1) = 2xj (or -22j). This implies by the 
diagram chasing method [S, p. 3341 applied to the short exact sequence of cochain 
complexes, wb(wj) can be represented by c’, and the proof follows. 0 
Proof of Theorem 1.7. We use the notations of Lemma 2.5. By that lemma, Sq’(zj) = 
azj for all zj, where a E q*H’(RP”; 22) is the nontrivial element. We claim pj(zj) = 0 
for all zj. Otherwise, let pz(zj) = a 2n~ with nj = ideg(zj). Then Sq’pz(zj) = 0. But 
Sq’pz(zj) = pz Sq’(.zj) = pj(azj) = upz(zj) = a2”~+’ which is not trivial. This is a 
contradiction. Applying the mod 2 version of l(MG), we obtain the theorem. 0 
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